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MONOTONICITY OF FUNCTIONALS OF RANDOM POLYTOPES
MAREEN BEERMANN, MATTHIAS REITZNER
Dedicated to Imre Ba´ra´ny on the occasion of his 70th birthday.
1. Introduction
Let n random points X1, ...,Xn be chosen independently and according to a given density
function φ in Rd. We call the convex hull Pn = [X1, ...,Xn] of these points a random polytope.
Various properties of these objects have been studied in the last decades, e.g. the number
of j-dimensional faces and the intrinscic volumes. Classical papers dealt with the expected
values of these functionals, see e.g. Ba´ra´ny [2], Ba´ra´ny and Buchta [3], Ba´ra´ny and Larman
[5], Reitzner [25]. More recently, distributional properties have been investigated intensively,
e.g. variance estimates, central limit theorems and and large deviation inequalities, see e.g.
Ba´ra´ny, Fodor, and Vigh [4], Ba´ra´ny and Reitzner [6, 7], Calka, Schreiber and Yukich [10],
Calka and Yukich [11, 12, 13] , Pardon [19, 20] Reitzner [23, 24, 25], Schreiber and Yukich
[28], and Vu [29].
For all these questions the expectation is a central object. We denote by EVd(Pn) the
expected volume of the random polytope and by Efj(Pn) the expectation of the number of
j-dimensional faces.
In this short note we concentrate on monotonicity questions concerning EVd(Pn) and
Efj(Pn) which have been investigated in the last years. For more information on random
polytopes and related questions we refer to the survey articles [15] and [26].
2. Monotonicity of the volume with respect to set inclusion
Let K ⊂ Rd be a convex set with nonempty interior and φ(·) = Vd(K)
−1
1K(·), thus the
points Xi are chosen according to the uniform distribution in K and Pn is a random polytope
in the interior of K. It seems to be immediate that increasing the convex body K should
also increase the random polytope and thus its volume.
More precisely, assume that K,L are two d-dimensional convex sets. Choose independent
uniform random points X1, . . . ,Xn in K and Y1, . . . , Yn in L, and denote by Pn the convex
hull [X1, . . . ,Xn], and by Qn the convex hull [Y1, . . . , Yn]. Is it true that K ⊂ L implies
(1) EVd(Pn) ≤ EVd(Qn)?
The starting point for the investigation should be a check for the first nontrivial case n = d+1
where a random simplex is chosen in K, resp. L. In this form, the question was first raised
by Meckes [17] in the context of high-dimensional convex geometry.
In dimension one the monotonicity is immediate. In 2012 in a groundbreaking paper by
Rademacher [21] proved that this is also true in dimension two, but that there are counterex-
amples for dimensions d ≥ 4 and n = d + 1. Only recently the three-dimensional case could
be settled by Kunis, Reichenwallner and Reitzner [16] where monotonicity of EV3(P4) also
fails. The question of monotonicity of higher moments EVd(Pn)
k was investigated in [22].
It remains an open problem whether there is a number N , maybe depending on K or only
on the dimension d, such that monotonicity holds for n ≥ N .
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3. Monotonicity of the number of faces with respect to n
Choose X1, ...,Xn according to a given density function φ in R
d. A natural guess is
that the expected number Efj(Pn) of j-dimensional faces behaves monotone if the number
of generating points increases. The asymptotic results suggest that at least for random
points chosen uniformly in a smooth convex set and or a polytope (see [2], [3], [5], [25]) the
expectation Efj(Pn) should be increasing in n,
Efj(Pn) ≤ Efj(Pn+1) ∀n ∈ N.
On the other hand Ba´ra´ny [1] showed that the behaviour for generic convex sets is extremely
complicated and thus monotonicity is not obvious.
The first results concerning this issue have been gained by Devillers et al [14]. They
considered convex hulls of uniformly distributed random points in a convex body K. It is
proven that for planar convex sets the expected number of vertices Ef0(Pn) (and thus also
edges) is increasing in n. Furthermore they showed that for d ≥ 3 the number of facets
Efd−1(Pn) is increasing for n large enough if limn→∞
Efd−1(Pn
Anc = 1 for some constants A and
c > 0, e.g. for K being a smooth convex body. In the PhD thesis of Beermann [8] the cases of
φ being the Gaussian distribution or the uniform distribution in a ball are settled. We sketch
the proof in the Appendix. The method used for these results was extented by Bonnet et
al [9] who settled the cases of random points on the sphere, on a halfsphere, random points
chosen according to a certain heavy-tailed distribution, and beta-type distributions.
It should be noted that these results carry over to monotonicity results for convex hulls of
random points chosen from a Poisson point process with a suitable density.
All these results only deal with the number of facets. Only in the Gaussian case it seems
to be possible to extend this monotonicity results to general j-dimensional faces. This is
the content of a recent preprint by Kabluchko. But even for other ‘most simple cases’ like
uniform points in a ball the general question is widely open.
4. Appendix: Facet numbers of random polytopes
Let Φ be a probability measure in Rd with density ϕ. Choose n random points X1, . . . ,Xn
independently according to Φ, and let Pn be the convex hull of these random points. We
start by developing a well known formula for Efd−1. Each (d − 1)-dimensional face of Pn is
the convex hull of exactly d random points with probability one. Since X1, ...,Xn are chosen
independently and identically it holds
Efd−1(Pn) =
(
n
d
)
P([X1, . . . ,Xd] is a facet ).
We denote by H1,...,d the affine hull of the (d−1)-dimensional simplex Pd = [x1, . . . , xd] which
divides Rd into the two halfspaces H+1,...,d and H
−
1,...,d. If Pd is a facet then the other points
Xd+1, . . . ,Xn are either all located in H
+
1,...,d, or in H
−
1,...,d. This happens with probability
Φ(H+1,...,d)
n−d, resp. Φ(H−1,...,d)
n−d, hence
Efd−1(Pn) =
(
n
d
)∫
Rd
· · ·
∫
Rd
(
Φ(H+1,...,d)
n−d +Φ(H−1,...,d)
n−d) d∏
i=1
φ(xi)dxi.(2)
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We use the classical affine Blaschke-Petkantschin formula (see [27], Theorem 7.2.1.) to con-
clude
Efd−1(Pn) = (d− 1)!
(
n
d
) ∫
Sd−1
∞∫
0
(
Φ(H(p, ω)+)n−d +Φ(H(p, ω)−)n−d
)
×
∫
H(p,ω)
· · ·
∫
H(p,ω)
∆d−1(x1, ..., xd)
d∏
i=1
φ(xi)dxi dpdω
= (d− 1)!
(
n
d
) ∫
Sd−1
∞∫
−∞
Φ(H(p, ω)+)n−d
∫
H(p,ω)
· · ·
∫
H(p,ω)
∆d−1(x1, ..., xd)
d∏
i=1
φ(xi)dxi dpdω
where we parametrize the hyperplane by H(p, ω) = {x : 〈x, ω〉 = p}, and the halfspaces
by H(p, ω)− = {x : 〈x, ω〉 ≤ p} and H(p, ω)+ = {x : 〈x, ω〉 ≥ p}. In the inner integral
∆d−1(x1, ..., xd) is the (d− 1)-dimensional volume of the convex hull of x1, ..., xd. We fix the
direction ω and want to prove the montonicity in n of
I(n) =
(
n
d
)∫
R
Φ(H(p, ω)+)n−d
∫
H(p,ω)
· · ·
∫
H(p,ω)
∆d−1(x1, ..., xd)
d∏
i=1
φ(xi)dxi dp
For a given direction ω we put ψ(t) =
∫
H(t,ω) φ(x)dx and Ψ(p) =
∫ p
−∞ ψ(t)dt which defines
the push forward measure of Φ under the projection onto the line {tω : t ∈ R}. Observe that
on the support of ψ, the mass of halfspaces Ψ(p) = Φ(H(p, ω)−) is an increasing function in
p and thus there is an inverse function Ψ−1(s), also increasing, with
d
ds
Ψ−1(s) =
( d
dp
Φ(H(p, ω)−)|p=Ψ−1(s)
)−1
=
(
ψ(p)|p=Ψ−1(s)
)−1
=
(
ψ(Ψ−1(s)))−1
for s ∈ (0, 1), and thus dp = (ψ(Ψ−1(s)))−1ds. Substituting by s = Ψ(p) = Φ(H(p, ω)−) we
end up with
I(n) =
(
n
d
) 1∫
0
(1− s)n−dψ(Ψ−1(s))d−1EH(Ψ−1(s),ω)∆d−1(X1, . . . Xd) ds
whereEH(p,ω)∆d−1(X1, . . . Xd) is the volume of a random simplex where the pointsX1, . . . ,Xd
are chosen independently according to the normalized density ϕ in H(p, ω). Thus to prove
monotonicity we have to show that △nI = I(n)− I(n− 1) is positive,
△nI =
1
n
(
n
d
) 1∫
0
(1− s)n−d−1(d− ns)L(s)d−1 ds
with
L(s) = ψ(Ψ−1(s))
(
EH(Ψ−1(s),ω)∆d−1(X1, . . . Xd)
) 1
d−1
.
In the next two sections we will show that in both cases we are interested in, the function
L(s) is concave. This is sufficient, because then the graph of L(s) starts at the origin, is
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above the line l(s) = L( dn)
ns
d in (0,
d
n), meets the line for s =
d
n , and is below the line for
s > dn . This yields
△nI ≥
1
n
(
n
d
) 1∫
0
(1− s)n−d−1(d− ns)l(s)d−1 ds
=
nd−2
dd−1
(
n
d
)
L
(d
n
)d−1 1∫
0
(1− s)n−d−1(d− ns)sd−1 ds
︸ ︷︷ ︸
=dB(n−d,d)−nB(n−d,d+1)
= 0 ,
and hence Efd−1(Pn) is increasing.
4.1. The Case of Gaussian Polytopes. In this case we have φ(x) = 1
(2pi)d/2
exp{−
∑
x2i /2}.
By the rotation invariance it sufficies to consider the case ω = (1, 0, . . . , 0) where it is easy to
see that ψ(t) = 1√
2pi
exp{−t2/2} and that EH(p,ω)∆d−1(X1, . . . Xd) is independent of p. Thus
L(s) = cdψ(Ψ
−1(s)).
The continously differentiable function L(s) is concave if and only if its derivative is de-
creasing. Since ψ′(t) = −tψ(t), it follows that
L′(s) = cd
d
ds
ψ(Ψ−1(s)) = −cdΨ
−1(s)ψ(Ψ−1(s))
(
ψ(Ψ−1(s))
)−1
= −cdΨ
−1(s).
Clearly, Ψ(s) is increasing in s, and therefore Φ−1(s) too. This implies that −Φ−1(s) is
decreasing and L(s) is concave on [0, 1].
4.2. The Case of Random Polytopes in a Ball. Assume that Bd is the unit ball of
volume κd. In this case φ(x) = κ
−1
d 1(x ∈ B
d). By the rotation invariance it sufficies to
consider the case ω = (1, 0, . . . , 0) where ψ(t) = κ−1d κd−1(1 − t
2)(d−1)/2. The intersection of
H(t, ω)∩Bd is always a ball of radius (1−t2)1/2 and the expected volume of a random simplex
in H(t, ω) ∩ Bd is a constant times Vd−1(H(t, ω) ∩ Bd) = ψ(t). The constant is determined
explicitly in a paper of Miles [18]. Thus L(s) = cdψ(Ψ
−1(s))
d
d−1 . We have
L′(s) = cd
d
ds
ψ(Ψ−1(s))
d
d−1 = cd
d
d− 1
ψ′(Ψ−1(s))
ψ(Ψ−1(s))
d−2
d−1
= cd d
( d
dp
ψ(p)
1
d−1
)∣∣∣
p=Ψ−1(s)
.
Because ψ is a concave function, its derivative is decreasing in p. Noting that Ψ−1 is increasing
shows that L′ is decreasing und thus the function L(s) is concave.
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